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Figure 1 Figure 2

5. Figures 1 and 2, shown above, illustrate regions in the first quadrant associated with the graphs of ¥ = E and
y= %, respectively. In Figure 1, let R be the region bounded by the graph of y = ;—, the x-axis, and the
vertical lines x = 1 and x = 5. In Figure 2, let W be the unbounded region between the graph of y = % and
the x-axis that lies to the right of the vertical line x = 3.

(a) Find the area of region R.

(b) Region R is the base of a solid. For the solid, at each x the cross section perpendicular to the x-axis is a
rectangle with area given by xex/ 3. Find the volume of the solid.

(c) Find the volume of the solid generated when the unbounded region W is revolved about the x-axis.
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6. The function f is defined by the power series f(x) =x — T+? - 7+ +T+ «e- for all

real numbers x for which the series converges.

(a) Using the ratio test, find the interval of convergence of the power series for f. Justify your answer.

1 1
(b) Shaw!hat|f[E]—E

(c) Write the first four nonzero terms and the general term for an infinite series that represents f”(x).

1
< o Justify your answer.

(d) Use the result from part (c¢) to find the value of j'[%].
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Model Solution Scoring

(a) Write, but do not evaluate, an integral expression that gives the total number of vehicles that arrive at the
toll plaza from 6 AM. (1 =1)to 10 AM. (¢ =5).

The total number of vehicles that arrive at the toll plaza from Answer 1 point
5
6 AM. to 10 A M. is given by L A(t) dt.
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(b) Find the average value of the rate, in vehicles per hour, at which vehicles arrive at the toll plaza from
6AM.(r=1)t010AM. (1 =5).

Uses average value 1 point
formula:

biaj,f“(')d’

5
Average = #L A(r) dit = 375.536966

The average rate at which vehicles arrive at the toll plaza from

6 AM. to 10 AM. is 375.537 (or 375.536) vehicles per hour. Answer 1 point
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Is the rate at which vehicles arrive at the toll plaza at 6 A.M. (1 = 1) increasing or decreasing? Give a
reason for your answer.

A(1) = 148.947272 Considers A(1) 1 point
Because A(1) > 0, the rate at which the vehicles arrive at the toll | Answer with reason 1 point
plaza is increasing.
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(d) A line forms whenever A(r) = 400. The number of vehicles in line at time ¢, for a < ¢ < 4, is given by

N(t) = I'(A(x) —400) dx, where a is the time when a line first begins to form. To the nearest whole
a

number, find the greatest number of vehicles in line at the toll plaza in the time interval @ <1 < 4.

Justify your answer.
N'(1) = A(t)-400 =0 Considers N'(1) =0 1 point
= A(t) =400 = ¢ = 1.469372, = 3.597713
t=aandt=b 1 point

a =1.469372
b =3.597713

1 | N(t) = ['(A(x) - 400) dx Answer  point

a P
2 0 Justification 1 point
b 71.254129

4 62.338346
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Model Solution Scoring

lnls Answer 1 point
717— 0.701018

The slope of the line tangent to the path of the particle at time
t=4is 0.701.

Scoring notes:
* To earn the point, the setup used to perform the calculation must be evident in the response. The

following examples earn the point: y( ) 0.701, In(2+42) orm18
g p po x(4)— 7__l+42 » O =

* Note: A response with an incorrect equation of the form “ function = constant ", such as
29 = M. will not earn the point. However, such a response will be eligible for any points for
¥(0) - T
similar errors in subsequent parts.
Total for part (a) 1 point
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(b) Find the speed of the particle at time ¢ = 4, and find the acceleration vector of the particle at time

t=4.

V(F(4))? +(5'(4)" =17+ (In18)” =5.035300
The speed of the particle at time ¢ = 4 is 5.035.

a(d) = (x"(4), "(4)) = <% %) = (0.970143, 0.444444)

The acceleration vector of the particle at time 7 = 4 is
(0.970, 0.444).

Speed 1 point
First component of 1 point
acceleration
Second component of 1 point
acceleration
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(c) Find the y -coordinate of the particle’s position at time ¢ = 6.

26) = 5(4)+ [(in(2+ ) ar Integrand  Tpeint
Uses y(4)
=5+ 6.570517 = 11.570517 Answer

The y-coordinate of the particle’s position at time ¢ = 6 is
11.571 (or 11.570).
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(d) Find the total distance the particle travels along the curve from time 7 = 4 totime 1 = 6.

6 2 2 Integrand 1 point
REECK
dt dt
4
=12.136228 | Answer 1 point

The total distance the particle travels along the curve from time
t=4 totime 7 =6 is 12.136.
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(a) Find £(0) and f(5).

1O = f@)+ [ r ) de=3- [ f(x)de=3+ 22 Amofm:hempon 1 point
;—on-j’o f(x)dx

16 = r@+ [[rea=3+1=1 -OR— [/ e
Ef(o) 1 point

) 1 point
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(b) Find the x-coordinates of all points of inflection of the graph of f for 0 < x < 7. Jusufy your answer.

Thc graph of f has a pomt of mﬂccnon ateach of x =2 and Answer

x = 6, because f’(x) changes from decreasing to increasing at
x =2 and from increasing to decreasing at x = 6.

1 pol.nt
Justification l point
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(¢) Let g be the function defined by g(x) = f(x) - x. On what intervals, if any, is g decreasing for
0 < x < 7? Show the analysis that leads to your answer.

;;(x)=f'(x)—l g(x)=f(x)-1 1 point

f(x)-1 S;; f(x)<1 ' Interval with reason 1 point

The graph of g is decreasing on the interval 0 < x <5 because
£'(x) < 0 on this interval.





image20.png
(d) For the function g defined in part (c), find the absolute minimum value on the interval 0 < x < 7.

Justify your answer.

g is continuous, g'(x) < 0 for 0 < x <5, and g'(x) > 0 for Considers g'(x) =0 1 point

5<x<7 Answer with 1 point
Jjustification

Therefore, the absolute minimum occurs at x = 5, and

o(5) = f(5)-5 = %-5 - -% is the absolute minimum value

of g.
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(a) Approxxmme r (8 5) using the average rate of change of r' over the interval 7 <t < 10. Show the
compumlons that lead to your answer, and mdlcate units of measure.

" r (10) -r'(7) _-38-(-44) r"(8.5) with 1 point
r"(85) = =
) 10-7 10-7 supporting work
0.6 Units 1 point

= T = 0.2 centimeter per day per day
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(b)

Is there a time ¢, 0 < ¢ < 3, for which /(1) = =6 ? Justify your answer.

#(t) is twice-differentiable. = #/(1) is differentiable. #(0) < -6 < (3)

1 point

= r'(t) is continuous. Conclusion using
Intermediate Value

F(0)==-6.1<-6<-50=r(3) Theorem

Therefore, by the Intermediate Value Theorem, there is a time 1,
0 < t < 3, such that r'(1) = —6.

1 pol;:
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Use a right Riemann sum with the four subintervals indicated in the table to approximate the value of
12,
|, rar.

12, . . . , Form of right 1 point
j'o F(6) dt = 3°(3)+4r'(7) + 3r(10) + 2r'(12) P
=3(-5.0)+ 4(-4.4) + 3(-3.8) + 2(-3.5) Answer 1 point

=51
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(d) The height of the cone decreases at a rate of 2 centimeters per day. Attime ¢ = 3 days, the radius is
100 centimeters and the height is 50 centimeters. Find the rate of change of the volume of the cone with
respect to time, in cubic centimeters per day, at time ¢ = 3 days. (The volume ¥ of a cone with radius
r and height / is ¥ = %;rrzh.)

% = %)rrh% + %;rrZ % Product rule 1 point

Chain rule 1 point
2 0100)(50)(=5) + Lr(100) (<2) = - 100007 Answer 1 point
dr | =3 3 3

The rate of change of the volume of the sculpture at ¢ = 3 is

approximately -70'0300” cubic centimeters per day.
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Find the area of region R.

: 1
Am=fl¢, Integral point
| x
-hxﬁ Answer 1 point
=In5-Inl=In5
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(b)

Region R is the base of a solid. For the solid, at each x the cross section perpendicular to the x-axis is

a rectangle with area given by xe*/*. Find the volume of the solid.

Volume = I,sx 15 dx Definite integral 1 point
Using imeg;ation by parts, u and dv 1 point

u=x dv=eldx

du=dx v=5e"
Jxetdv = sxe*l* - [se* ax Jxel® ax 1 point
= s5xe*/5 ~ 255 1 =sxe* - [se*l® ax
=5¢5(x=5)+C

Answer 1 point

Volume = 5¢*/%(x - 5)|:

= 5e(0) - 5e'/3(-4) = 20¢'/°
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Find the volume of the solid generated when the unboundcd rcgnon W is revolved about the x -axis.

20V by Improper mtegral 1 point
Volume = trI ( ] de=nx l|m —dx
5 2 Xt
1 b Antiderivative 1 point
= lim ‘]|
bl =3x7 |3
=,|im(L)L_L Answer 1 point
bso\=3/ 3 33
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(=t 2 2043

: 2n+3 -1 2n+3 | _ 32n+l)= 2

Jim, 1y Jim 2 Jim b\ 53 "" I
2n+1 2n+1

Sets up ratio

1 point

|.r2| <1 for |x| < 1. Identifies interior of 1 point
interval of
The series converges when -1 < x < 1. convergence
Considers both 1 point
- jesis <14 L1y, C0™ : pe
When x = -1, thescnsns—l+3—s+~-~+ 2n+l+ mdpongts
The series is an alternating series whose terms decrease in absolute = Analysis and interval 1 point
value to 0. The series converges by the Alternating Series Test. of convergence

‘When x = |, the series is l—l+l+~~~+ ()N
’ 3°5 2n+1

The series is an alternating series whose terms decrease in absolute
value to 0. The series converges by the Alternating Series Test.

g,

Therefore, the interval of convergence is =1 < x < 1.
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®) Show that

/( ) Jusnfy your answer.

The series for f (-—2-) is an alternating series whose terms decrease

in absolute value to 0. The first term of the series for f] (%) is 3

Using the alternating series error bound, f (—;-) differs from % by
at most the absolute value of the second term of the series.

I3)-5

<

Uses second term

Justification

1 point
1 point
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(¢)  Write the first four nonzero terms and the general term for an infinite series that represents f”(x).

L) =1=x +x* o xC e (=) P 4 Firstfounﬂerrrf\s lpoEt

1 point
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@ Use the result from part (c) to find the value of f” (%)

7)==+ -6 -

1
f(Z) is a geometric series with a =1 and r = 36

1 point
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CALCULUS BC
SECTION I, Part A

Time—30 minutes

2 Questions

A GRAPHING CALCULATOR IS REQUIRED FOR THESE QUESTIONS.
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1. From 5 AM. to 10 AM, the rate at which vehicles arrive at a certain toll plaza is given by
A(r) = 450,/ sin(0.62r) , where 1 is the number of hours after 5 AM. and A(r) is measured in vehicles per hour.
Traffic is flowing smoothly at 5 A.M. with no vehicles waiting in line.

(a) Write, but do not evaluate, an integral expression that gives the total number of vehicles that arrive at the
toll plaza from 6 AM. (r = 1)t0 10 AM. (1 = 5).

(b) Find the average value of the rate, in vehicles per hour, at which vehicles arrive at the toll plaza from
6 AM.(r=1to 10 AM. (r=15).

(c) Is the rate at which vehicles arrive at the toll plaza at 6 AM. (r = 1) increasing or decreasing? Give a reason
for your answer.

(d) A line forms whenever A(r) > 400. The number of vehicles in line at time 7, for @ < 1 < 4, is given by
t
N(r) = I (A(x) — 400) dx, where a is the time when a line first begins to form. To the nearest whole
la
number, find the greatest number of vehicles in line at the toll plaza in the time interval a < 1 < 4. Justify

your answer.
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2. A particle moving along a curve in the xy-plane is at position (x(r), y(r)) at time 7 > 0. The particle moves in

dy

suchawaymat% =1+ andI=ln(2+12)AAttimcl=4,mepanicleisatmepoim(l,5).

(a) Find the slope of the line tangent to the path of the particle at time 1 = 4.
(b) Find the speed of the particle at time r = 4, and find the acceleration vector of the particle at time 7 = 4.
(c) Find the y-coordinate of the particle’s position at time 7 = 6.

(d) Find the total distance the particle travels along the curve from time 1 = 4 to time 7 = 6.
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CALCULUSBC
SECTIONIL, Part B

Time—1 hour
4 Questions

NO CALCULATOR IS ALLOWED FOR THESE QUESTIONS.
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y
(6,2)

a.n

-X

Graph of f*
3. Let f be a differentiable function with f(4) = 3. On the interval 0 < x < 7, the graph of f”, the derivative
of f. consists of a semicircle and two line segments, as shown in the figure above.
(a) Find f(0) and f(5).
(b) Find the x-coordinates of all points of inflection of the graph of f for 0 < x < 7. Justify your answer.

(c) Let g be the function defined by g(x) = f(x) — x. On what intervals, if any, is g decreasing for
0 <x <77 Show the analysis that leads to your answer.

(d) For the function g defined in part (c), find the absolute minimum value on the interval 0 < x < 7. Justify
your answer.
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4. An ice sculpture melts in such a way that it can be modeled as a cone that maintains a conical shape as it
decreases in size. The radius of the base of the cone is given by a twice-differentiable function r, where r(r) is
measured in centimeters and 7 is measured in days. The table above gives selected values of r’(r), the rate of
change of the radius, over the time interval 0 <7 < 12.

(a) Approximate r”(8.5) using the average rate of change of r” over the interval 7 < 7 < 10. Show the
computations that lead to your answer, and indicate units of measure.

(b) Isthere atime 7, 0 < r < 3, for which ’(r) = —6 ? Justify your answer.

(c) Use a right Riemann sum with the four subintervals indicated in the table to approximate the value of

Iou r'(r) du.

(d) The height of the cone decreases at a rate of 2 centimeters per day. At time ¢ = 3 days, the radius is
100 centimeters and the height is 50 centimeters. Find the rate of change of the volume of the cone with

respect to time, in cubic centimeters per day, at time ¢ = 3 days. (The volume V of a cone with radius r

and height h is V= %nzh)




